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In this paper we study a class of semilinear differential equation systems. The
boundedness of positive solutions of the systems has been shown under some
general assumptions. We give some applications for the systems; in particular, with
these results, we prove that any positive solution of some polyharmonic equations
involving critical exponents is also a poly-super-harmonic function.  2001 Aca-
demic Press
1. INTRODUCTION
The purpose of the present paper is to study the boundedness of positive
Ž .  2Ž n  4.ksolutions u , . . . , u  C R  0 of the following differential in-1 k
equality system
 p1u  X x u ,Ž .1 1 2
n	  4in R  0 1.1Ž .
p
 ku  X x u , u  u ,Ž .k k k1 k1 1
Ž .with X x  0, p  0 for j 1, 2, . . . , k and p  p  1. In addition,j j 1 k
another main aim of this paper is that some meaningful applications of
Ž .1.1 are also discussed.
Ž .The motivation of considering 1.1 is derived from the nonexistence of a
positive solution of the polyharmonic equation
k u a x u p , in Rn . 1.2Ž . Ž .
1 This work is partly supported by a Postdoctoral Fund of Guangdong Province.
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   Ž .   When k 1, this result first was proved by Ni 4 with a x  x and
  2. Then Lin 2 obtained the same conclusion with  2. In fact,
  2 is a critical exponent since there exists a solution as shown by Ni 4
   and Naito 3 . For k 2 we refer to Yarur 6 .
Ž .Another reason we are interested in 1.1 is that it was found that the
Ž .boundedness of positive solutions to 1.1 is closely related with the
poly-super-harmonic of the positive solution of the polyharmonic equation
k p n u u , u 0, in R , 1.3Ž . Ž .
 with p 1. When k 2, Yarur 6 proved that any positive solution
4Ž n.u C R is super-harmonic in the entire space. In this paper, the result
is not only generalized to the case k 2, but also the same consequence
2 kŽ n  4.can be shown even in the case of u C R  0 . It is worth pointing
out that consideration of the solution with a singular point is essentially
Ž     .significant see Lin 1 for k 2 and Wei and Xue 5 for k 2 . For
Ž .example, considering the radial symmetry of a positive solution of 1.3
Ž . Ž .with p n 2k  n 2k , in order to start the method of the moving
Ž .plane it is necessary to employ the k th Kelvin transform,  y 
 n2 k Ž .   2y u x , where y x x , in order to obtain a decay of  near
Ž . n  4infinity. Notice that  satisfies the same equation as 1.3 but in R  0 .
Even if the solution u is poly-super-harmonic, it is not clear whether the
k th Kelvin transform of u is also or not. However, we find that, under the
Ž .additional assumption p n n 2k , the k th Kelvin transform of u is
poly-super-harmonic as shown in Theorem 1.4 below.
Before stating our main results, we present some notation. Denote
P p p  p ;1 2 k
Q  1 p  p p  p  p  p ;ˆj j1 j1 j2 1 j k
Q˜    p   p  p  p  ,ˆj j1 j1 j2 1 j k j
˜ ˜ Žwhere 1 j k. Moreover, we also denote QQ and QQ wherek k
Ž ..we have understood that j j mod k .
Ž .In general, in order to deal with the boundedness of solutions of 1.1 , it
is convenient to convert it into an ordinary differential equation system by
using the spherical average and some transform. So first of all we discuss
general ordinary differential equation systems of two orders as
  p1w s  X s w s ,Ž . Ž . Ž .1 1 2	 s 0, , 1.4Ž . Ž .
 p
 kw s  X s w s , w s  w sŽ . Ž . Ž . Ž . Ž .k k k1 k1 1
where k 2.
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Ž .  jTHEOREM 1.1. Suppose that X s  cs and p  0 for j 1, . . . , k,j j
Ž .  2Ž .k Ž .and P 1. Let w , . . . , w  C 0, be a positie solution of 1.4 . If1 k
˜2QQ 1 P, then w is bounded near infinity. In addition, if for some1
1 j k, we hae
p p  p  2   2  p   2  p  p  0,Ž . Ž . Ž .j j1 1 1 2 1 j j1 1
Then w is also bounded near infinity.j
Ž .With this theorem we can state the following result about 1.1 .
Ž .   jTHEOREM 1.2. Suppose that X x  c x and p  0 for j 1, . . . , k,j j
Ž .  2Ž n  4.k Ž .and P 1. Let u , . . . , u  C R  0 be a positie solution of 1.1 .1 k
Assume that either
˜Ž .i 2QQ, or
˜Ž .ii for some fixed 1 j k, 2Q Q andj j
  2   2 p    2 p p  Ž . Ž .k k1 k k2 k1 k
   2 p  p  n 2.Ž .j j1 k
  n2Then x u is bounded near infinity.1
Moreoer, assume that either
˜Ž . Ž .Ž .i 2QQ n 2 P 1 , or
˜Ž . Ž .Ž .ii for some fixed 1 j k, 2Q Q  n 2 P 1 andj j
2   2  p  2  p p  Ž . Ž .k k1 k k2 k1 k
 2  p  p  n 2 p  p .Ž .Ž .j j1 k j k
Then u is bounded near the origin.1
As an application of the above results, we consider the equation
k  p  u x u ,Ž . nin R . 1.5Ž .½ u 0,
2 kŽ n. Ž .THEOREM 1.3. If u C R is a solution of 1.5 with  0 and
Ž . j np 1, then u is poly-super-harmonic, that is,  u 0 in R for j
1, 2, . . . , k 1.
2 kŽ Ž .  4. Ž . Ž .  4THEOREM 1.4. If u C B 0  0 is a solution of 1.5 in B 0  01 1
Ž . Ž .with p n   n 2k , then u is also poly-super-harmonic, that is,
Ž . j Ž .  4 u 0 in B 0  0 for j 1, 2, . . . , k 1.1
This paper is organized as follows. In Section 2, we prove a preliminary
Ž .result Theorem 2.2 , which states a boundedness of the positive solution
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Ž .1.4 under some stronger assumption than that in Theorem 1.1, but its
Ž  proof is new and the known method see, for example, Yarur 6 in the
.case of k 2 seems to be invalid. In Section 3, as a consequence of
Theorem 2.2 we will give the proof of Theorem 1.1; some extension of the
theorem, such as the proof of Theorem 1.2, is included in the section.
Section 4 is devoted to some applications of the previous results in
n Ž .  4polyharmonic equations in R and in B 0  0 , in particular, TheoremsR
1.3 and 1.4 are proved.
2. A PRELIMINARY RESULT
In this section, we give some results which will play an important role in
the next section. We begin by considering a general ordinary differential
equation system of two orders as
w X w p1 , 1 1 2
 p2w  X w ,2 2 3	 s s , , 2.1Ž . Ž .0

 p
 kw  X w , w  w ,k k k1 k1 1
where k 2 and s  0. We pose the following assumptions:0
Ž . Ž .  iH1 There exist  and c 0 such that X s  cs , ii i
1, 2, . . . , k.
Ž . Ž . Ž .H2 The exponents in 2.1 and H1 satisfy p  0, . . . , p  0 and1 k
1 p  k k
1 2 p  p p     pk1 k k1 k1 k k1

1 2 p  2 p p  2 p  p  p  p1 1 2 1 k1 1 k
   p   p  p  .1 1 2 1 k1 k
Ž . Ž .For example, if 1 p   i 1, . . . , k then H2 is satisfied.i i
Ž . Ž . Ž .LEMMA 2.1. Suppose that H1 and H2 hold and w , . . . , w is a1 k
Ž .positie solution of 2.1 . Furthermore we assume that
w s  c s , s s  0, 2.2Ž . Ž .1 0 0
with  1. Then there exists s  s independent of  such that0 0
Q Pc c0 ˜ 2 QQPw s  s , s A  s , 2.3Ž . Ž . Ž .1 02 2 Q4 2Q PŽ .
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where
P p  p , Q 1 p  p p  p  p ,1 k 1 1 2 1 k1
Q˜   p   p p   p  p 1 1 2 1 2 3 1 k1 k
˜1Ž1  p .1Ž2  p .   1Ž P2 QQ .k k k kŽ .and A   2 .
Ž .Proof. Since w , . . . , w is positive, each w is strictly convex on1 k i
Ž . Ž . Ž .s , . With H2 and 2.2 it is not hard to see that w is increasing for0 i
s s  s and i 1, . . . , k. Without loss of generality we assume that0 0
 Ž . Ž . Ž .s  s . From the hypotheses H1 , 2.1 , and 2.2 we have0 0
w cc pk s k pk . 2.4Ž .k 0
Ž .Notice that  1 and 1   p  0. We can integrate it over s , s tok k 0
get
1pkcc 1  p0 k k 1  pk kw s  s , s 2 s . 2.5Ž . Ž .k 02 1    pŽ .k k
Ž 1Ž1 k pk . .Integrating it over 2 s , s again we get0
cc pk0 2  pk kw s  s ,Ž .k 4 1    p 2    pŽ . Ž .k k k k 2.6Ž .
1 1
2  p1  p k kk ks s 2 .0
Ž . Ž .Now from the k 1 st equation in 2.1 we have
pk1p 2  pk k kcc s0  k1w s  csŽ .k1 4 1    p 2    pŽ . Ž .k k k k
c1pk1 c pk pk10  p Ž2  p .k1 k1 k k s ,pk12 24 2 pŽ .k
where s s 21Ž1 k pk .1Ž2 k pk .. Integrating twice we get0
c1pk1 c pk pk10 2 p Ž2  p .k1 k1 k kw s  s ,Ž . pk1 k12 24 2 pŽ .k
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where
1 1 1 1  
Ž . Ž .2  p 1 p  p 2 2 p  p 21  p k k k1 k1 k k k1 k1 k kk ks s 2 .0
Repeating the above procedure by induction, we get
Q ˜P 2 QQPc4 c sŽ . 0
w s Ž .1 2 p  pk1 1 ˜ p    2  2Q PQŽ . Ž .k k
Q Pc c0 ˜2 QQP s , s A  s ,Ž . 02 2 Q4 2Q PŽ .
Ž .where by H2
1 1 1 1   
˜ ˜2  p1  p P2 QQ1 P2 QQk kk kA   2Ž .
1 1 
˜1  p P2 QQ1k k 4
1 1 1 1   
p p p P1 1 1 2 4 if  1Ž .
1
1 A . 2.7Ž .
Ž . Ž .It is clear that 1 A   A 1 and A is a constant independent of  .
Ž . Ž .THEOREM 2.2. Suppose that H1 and H2 are satisfied and p p  p1 2 k
Ž .  2Ž .k Ž . 1. Let w , . . . , w  C s , be a positie solution of 2.1 . Then the1 k 0
function w is bounded near infinity.1
Proof. Suppose this is not the case; that is, w is unbounded at infinity.1
Since w is strictly convex, with a positive constant c we have1 0
w s  c s for s s  0.Ž .1 0 0
By the previous lemma with  1 we have
Qc ˜P 2 QQPw s  c s , s A 1 s .Ž . Ž .1 0 024 2Q PŽ .
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˜Ž .From the assumption H2 it follows that  2QQ P 1, so the
same lemma implies that
˜ ˜QP Q 2 QQP Ž2 QQP .c s2Pw s  cŽ .1 02 2 Q4 2Q PŽ . ˜2QQ PŽ .
˜ ˜2 QQP Ž2 QQP .s2QP Q P ˜ B c , s A 2QQ P A 1 s ,Ž .Ž .0 02 Q˜2QQ PŽ .
Ž .2where B cD, D 4 2Q P .
Repeating to apply the lemma, by induction, we get
j1 j˜QP Q Ž2 QQ .Ž1P   P .Pc sj1 jQŽ1P   P . Pw s  B cŽ . j2 j31 0 2 Q P 2 Q P jQD D  D4 2Q PŽ .
˜ j jŽ2 QQ .Ž P 1.Ž P1.Psj1 jQŽ P 1.Ž P1. P B c j 1P P j0 Q 2Ž .P1 P1D
P j1 j˜Ž2 QQP1.Ž P 1.Ž P1. s , s A s , 2.8Ž .j 0ž /M
where, without loss of generality, we assume M 1 and we have the
following iteration formula: for j 1, 2, . . . ,
A  A  A , A  A 1 ;Ž .Ž .j j j1 0
˜  2QQ P ,   1.j j1 0
Hence we get
˜ ˜ j2 j1A  A 1 A 2QQ P  A 2QQ 1 P P  PŽ . Ž .Ž . Ž .Ž .j
1 1 1  
2 j2 j1˜ ˜ ˜Ž .Ž . Ž .Ž .2 QQP 2QQ 1P P 2 QQ 1P P P A 1 AŽ .
 A ,
Ž . dwhere A  A 1 A and d is the limit of the sum in the exponent of A in
the above inequality as j . It is not hard to check that d is finite.
˜Ž .Now notice that H2 implies 2QQ P 1 0. Thus we can choose
˜2Ž P1.Ž2 QQP1. Ž . 4a fixed s large enough, for example, smax As , 2 M .˜ ˜ 0
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Ž .From 2.8 it follows that
P j˜2 QQP1
Ž .2 P1s jPw s   2  , as j ,Ž .˜1 Mž /
which leads to a contradiction.
3. SOME EXTENSION
In this section, we give some further results that demonstrate that to
Ž .ensure the boundedness of w , among the inequalities in H2 , only the1
˜condition 2Q P 1Q is necessary.
˜THEOREM 3.1. Suppose that p  0 for i 1, . . . , k and P 1, 2QQi
Ž .  2Ž .k Ž . 1 P. Let w , . . . , w  C s , be a positie solution of 2.1 .1 k 0
Then the function w is bounded near infinity.1
Proof. Since each w is strictly convex, without loss generality, we canj
Ž .assume that each w is strictly monotone on s , provided, if necessary,j 0
s is replaced by a larger one.0
We begin with the following observation for the single inequality in the
Ž .system 2.1 :
p j jw s  cs w s 3.1Ž . Ž . Ž .j j1
Ž .where j 1, . . . , k and w  w .k1 1
Ž . Ž .If w is increasing and w is decreasing, integrating 3.1 over s2, sj j1
for s 2 s , we have0
ss p  j jw s  w  c t w t dtŽ . Ž .Hsj j j1ž /2
2
sp j  j cw s t dtŽ . Hsj1
2
1 2 j1 pj 1 j c w s s ,Ž .j11  j
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or
1 2 j1 p j 1 jw s  c w s s .Ž . Ž .j j11  j
Ž .Integrating over s2, s once again, we get
1 2 j1 1 2 j2 p pj j2 2j jw s  c w s s  cw s s , 3.2Ž . Ž . Ž . Ž .j j1 j11  2 j j
Ž .with a positive constant c. Notice that 3.2 holds true even with   1j
Ž . Ž Ž . .with c c ln 2 or   2 with c c2 ln 2 . In the sequel, we willj
ignore this remark since it does not affect the final results in our argu-
ment.
Ž . Ž .If w is decreasing and w is increasing, integrating 3.1 over s, 2 sj j1
for s s , we have0
2 s p  j jw 2 s  w s  c t w t dtŽ . Ž . Ž .Hj j j1
s
sp j  j cw s t dtŽ . Hsj1
2
2 j1  1 pj 1 j c w s s ,Ž .j11  j
or
2 j1  1 p j 1 jw s  c w s s .Ž . Ž .j j11  j
Ž .Integrating over s, 2 s once again, we obtain
2 j1  1 2 j2  1 p pj j2 2j jw 2 s  w s  c w s s  cw s s ,Ž . Ž . Ž . Ž .j j j1 j11  2 j j
or
pj 2 jw s  cw s s . 3.3Ž . Ž . Ž .j j1
Similarly, if both w and w are increasing, we can getj j1
pj 2 jw 2 s  cw s s ; 3.4Ž . Ž . Ž .j j1
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and if both w and w are decreasing,j j1
pj 2 jw s  cw 2 s s . 3.5Ž . Ž . Ž .j j1
Ž . Ž . Ž . Ž . Ž .From 3.2 , 3.3 , 3.4 , 3.5 , and the system 2.1 , by iteration of finitely
many steps, it follows that only one of the following cases can occur for
large s:
P˜2 QQw s  Cs w s ; 3.6Ž . Ž . Ž .1 1
P˜2 QQ iw s  Cs w 2 s , for some i , 1 i k ; 3.7Ž . Ž . Ž .1 1
P˜i 2 QQw 2 s  Cs w s , for some i , 1 i k . 3.8Ž . Ž . Ž .1 1
Ž .For example, if all of the w are unbounded, then we get case 3.8 ; if all ofj
Ž .the w are bounded hence decreasing, then case 3.7 appears with i k; ifj
w and w are increasing and decreasing, respectively, for j2 j1 2 j
Ž . Ž .1, 2, . . . , k2 k even , then case 3.6 arises.
What we have to do is to show that w is bounded in every case. In fact,1
if w is not bounded, we can write1
w s  C s, for all large s, 3.9Ž . Ž .1 0
Ž .where C  0. Notice that the first equation in 2.1 and those inequalities0
Ž . Ž . Ž . Ž .3.2 , 3.3 , 3.4 , and 3.5 imply that
P˜ 2 QQ2 m 1w s  Cs w 2 s  C C , m s , for all large s, 3.10Ž . Ž . Ž . Ž .1 1 0
where m is an integer depending on the number of w which is decreasingj
Ž .for all large s, C C , m  0. Integrating twice we can get0
w s  Cs ln s, for all large s. 3.11Ž . Ž .1
In the following we have to deduce some contradiction in every case.
˜ Ž .Case 1. With the assumption 2QQ 1 P, 3.6 can be written as
P1Pw s  Cs w s ,Ž . Ž .1 1
or
1w sŽ .1 1P C , for large s,
s
Ž .which contradicts 3.11 .
ELLIPTIC SYSTEMS AND POLYHARMONIC EQUATIONS 395
Ž .Case 2. We write 3.7 in the following form with the assumption
˜2QQ 1 P
Piw s w 2 sŽ . Ž .1 1 C , for large s.1 iž /s 2 s
For each nN, put s 2 in and we have
Pin iŽn1.w 2 w 2Ž . Ž .1 1 C , n 1, 2, . . . .1in iŽn1.ž /2 2
1Ž P1. Ž in. inDenoting x  C w 2 2 , then we get an iteration formula,n 1 1
x  x P ,n n1
 4which implies that x is bounded, namelyn
w 2 inŽ .1  C , for n 1, 2, . . . .in2
Now the boundedness of w can be drawn from this inequality and the1
monotone of w as done in Case 1.1
Ž .Case 3. In this case, 3.8 can be written as
Piw 2 s w sŽ . Ž .1 1
a  a .i ž /s2 s
in Ž in. inChoose s 2 and denote x  aw 2 2 . Then we get an iterationn 1
relationship similar to Case 2:
x  x P .n1 n
By the induction we get
x  x P nn0 .n n0
Ž .Notice that 3.11 implies that x  1 for some large n . So x   asn 0 n0
n . Thus for any fixed N 1, as n large,
x  x P nn0  a2 inŽ N1. ,n n0
or
x w 2 inŽ .n 1
 lim  lim .inŽ N1. Nin2n n 2Ž .
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Moreover we can prove that we also have
w sŽ .1
lim  . 3.12Ž .Nss
 in iŽn1.In fact, for large s, choose suitable n such that s 2 , 2 . Since
Ž .w s is increasing, it follows that1
w s w 2 in w 2 inŽ . Ž . Ž .1 1 1   ,N iŽn1. N 2 Nins 2 2Ž .
Ž .as s , which implies 3.12 .
 Ž .  For each j 1, . . . , k we can choose p  0, p such that P p pj j 1 2
 Ž . p  1. Since w s tends to infinity faster than any polynomial ask 1
Ž . Ž .shown by 3.12 , so does each w s for j 2, . . . , k. Thus we can findj
s s such that˜ 0
p pj j js w s  1, for s s and j 1, . . . , k .Ž . ˜j1
Ž .Now w , . . . , w is a positive solution of a new problem as1 k
p 1w s  cw s ,Ž . Ž .1 2
p 2w s  cw s ,Ž . Ž .2 3	 s s .˜

p k
w s  cw s ,Ž . Ž .k 1
ŽBy Theorem 2.2 in the previous section in our case, we have P 1 and
.each   0 , we can conclude that w is bounded, which is a contradic-j 1
tion.
˜As the previous theorem showed, the condition 2Q Q  1 P guar-j j
antees that w is bounded near infinity. In the following, we prove that thej
Ž .boundedness of a component of a positive solution to 2.1 can be
transferred to another one under some additional assumption.
Ž . Ž . Ž .In fact, from 3.2 , 3.4 , and 3.5 , whether w is increasing orj1
decreasing we always have
pj	 	 21 2 jw 2 s  cw 2 s s for large s, 3.13Ž . Ž . Ž .j j1
where 	  0, 1 is the switch function for i 1, 2. By induction, for large si
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we have
p p   pj j1 k 	 Ž j.	 Ž j.2 1w s  Cw 2 sŽ . Ž .j k1
 s jŽ2 j. pj1    pk   Ž2 k . pj    pk1 , 3.14Ž .
Ž .where 0 	 j  k j for i 0, 1.i
Ž .Now, if w s M, but w is not bounded, since it is strictly convex, wej 1
Ž . Ž .have w s  C s for some C  0, and 3.14 becomes1 0 0
w s  Cs jŽ2 j1. pj   Ž2 k . pj    pk1p j p j1    pk . 3.15Ž . Ž .j
Without loss of generality, we suppose that
  2  p   2  p  p  p p  pŽ .Ž .j j1 j k j k1 j j1 k
1.
Ž . Ž .Then by integrating 3.15 over s2, s for large s, we have
s 1 21
  1 1w s  w  C s  Cs , 3.16Ž . Ž .j j ž /2  1
Ž .where C 0. If  11, integrating over s , s for some fixed s0 0
large, we get
C s s02 2w s  s  s  w s  2 w  w ,Ž . Ž .j 0 j 0 j jž / ž / 2 2 2
Ž .which means that w s   as s . If  11, we also havej
s s s0
w s  Cln  w s  2 w  w ,Ž . Ž .j j 0 j jž / ž /s 2 20
Ž .and in a similar way, we get a contradiction: w s   as s . So wej
arrive at
THEOREM 3.2. Suppose that p  0, for i 1, . . . , k and P 1. More-i
oer, for some fixed j, let
2   2  p   2  p  p  p p  p  0.Ž .Ž .j j1 j k j k1 j j1 k
Ž .  2Ž .k Ž .If w , . . . , w  C s , is a positie solution of 2.1 and w is1 k 0 j
bounded, then w is also bounded near infinity.1
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Remark. Theorem 1.1 is a direct consequence of Theorem 3.1 and
 Theorem 3.2. Moreover, Theorem 2.1 in 6 can be obtained by setting
k 2 in Theorem 1.1.
We go back to the equation system as
 p1u  X x u ,Ž .1 1 2
n	  4x R  0 . 3.17Ž .
p
 ku  X x u , u  uŽ .k k k1 k1 1
Denote the spherical average of function u by u, namely,
1
 u r  u x d , r x .Ž . Ž .H

B 0Ž . Ž .
B 0r r
Ž  .We have the following well-known formulae see Ni 4
n 1 1 
 u
u r  u r  u  u, u r  d ;Ž . Ž . Ž . Hr 
B 0 
Ž . Ž .
B 0r r
3.18Ž .
Ž . Ž . nand for X x  0,  x  0 in R , and p 1, we also have
p p pX x  x X r  X r  r , 3.19Ž . Ž . Ž . Ž . Ž . Ž . Ž .p
Ž .where X is defined byp
p11 
p 1X r for p 1Ž .	X r Ž . Ž .p 
min X x for p 1.Ž .
B Ž0.r
Ž .Notice that if X x is radial symmetric with respect to the origin, then
Ž . Ž .    Ž .X r  X x  X r .p
Ž .Under the notation the system 3.17 can be written as
p1u  X r u ,Ž .1 p 21	  r 0, , 3.20Ž . Ž .
pk
u  X r u , u  uŽ .k p k1 k1 1k
Ž . Ž . Ž .where X r  X r .p i pi i
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Ž . Ž  .   jTHEOREM 3.3. Suppose that Xj x  c x and p  0 for jp jj
1, . . . , k, and P 1. Assume that either
˜Ž . Ž .Ž .i 2QQ n 2 P 1 , or
˜Ž . Ž .Ž .ii for some fixed 1 j k, 2Q Q  n 2 P 1 andj j
2   2  p  2  p p   2  p  pŽ . Ž . Ž .k k1 k k2 k1 k j j1 k
 n 2 p  p .Ž . j k
Ž . Ž . Ž .  4Let u , . . . , u be a positie solution of 3.17 in B 0  0 . Then u is1 k 1 1
bounded near the origin.
Proof. We introduce the following Kelvin transform,
xn2 u x  y  y , where y , x 0. 3.21Ž . Ž . Ž .i i 2 x
Then
  n2u  y  3.22Ž .i i
and  satisfiesi
p2 Žn2. p 2n ii     X y y y  y . 3.23Ž . Ž .Ž .i i i1
Under the assumption of the theorem, we have
Žn2. p  2n p1 1 1  cr  ,1 2	  r 1. 3.24Ž .
Žn2. p  2n p
 k k k  cr  ,  k k1 k1 1
Next we introduce the transform
n2w s  s r , s r . 3.25Ž . Ž . Ž .i i
Ž .Then the system 3.24 becomes
 2 n212  p 1n 2w  c n 2 s w ,Ž .1 2	 s 1, , 3.26Ž . Ž .
 2 n2k2  p
 kn 2w  c n 2 s w , w  w ,Ž .k k1 k1 1
and the assumption in the theorem is now equivalent to that in the
previous theorem. From Theorem 2.2 it follows that w is bounded near1
n2 n2Ž . Ž . Ž .infinity; that is, u 1r  r  r  w r is bounded as r.1 1 1
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At last we have to prove that the boundedness of u follows from the1
Ž .  4fact that u is bounded near the origin. In fact, for any x in B 0  0 ,1 12
Ž .  4since u is a subharmonic function in B 0  0 , we have1 1
1
0 u  u y dyŽ .H1 1B xŽ . Ž .B x x  2  x  2
c
 u y dyŽ .Hn 1 x Ž . Ž .B 0 B 03  x  2  x  2
c  3 x 2 n1 r u r drŽ .Hn 1 x  x 2
n nc 3 1
    x  x  C.n ž / ž / x 2 2
Thus we conclude the proof.
Now the proof of Theorem 1.2 easily follows from Theorem 3.3 and its
proof. As an application of Theorem 1.2, we have the following result
Ž .about the nonexistence of a positive solution to a generalization of 1.2 .
Ž .  2Ž n.kTHEOREM 3.4. Suppose that u , . . . , u  C R is a positie solu-1 k
Ž . n Ž . n Ž .tion of 3.17 in R with X x  0 defined in R i 1, 2, . . . , k . Under thei
same notation as in the preious theorem, let
˜max 2Q Q  0.½ 5j j
1jk
Ž .Then u , . . . u  0.1 k
COROLLARY 3.5. Under the same hypothesis of Theorem 3.2, if
Ž . Ž . Ž .u , . . . , u is a radial symmetrical positie solution of 3.20 in 0, 1 , then1 k
u is bounded.1
COROLLARY 3.6. Assume that u is a positie solution of the equation
k   p Ž .  4 Ž . Ž . u x u , in B 0  0 with 2k and p 1 2k   n 2 .1
iIf  u 0 for i 1, . . . , k 1, then u is bounded.
Proof. If we write the original equation as
u  u ,1 2	  r 0, 1 , 3.27Ž . Ž .
 p
u  r u , u  u  uk k1 k1 1
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i Ž .the assumption  u 0 implies that u , . . . , u is a positive solution of1 k
Ž .3.27 . It is clear that we can let p  p    p  1, p  p,1 2 k1 k
Ž . Ž        0, and    . Then p 1 2k   n1 2 k1 k
.2 implies the assumption in Theorem 3.3.
4. APPLICATIONS IN POLYHARMONIC EQUATIONS
In this section, we give some applications to previous results in Sections
2 and 3. In particular, Theorems 1.3 and 1.4 will be proved. First of all we
have
2 kŽ n.THEOREM 4.1. Let u C R be a positie solution of the equation
k p u u ,Ž . nin R . 4.1Ž .½ u 0,
Suppose p 1. Then we hae
j n u 0 in R , for j 1, 2, . . . , k 1. 4.2Ž . Ž .
Proof. If we can prove for any y in Rn,
1j j u r   u d 0,Ž . Ž . Ž .Hy 
B yŽ . Ž .
B yr r
r 0, for j 1, . . . , k 1, 4.3Ž .
then the conclusion follows. Without loss of generality, we can assume that
y 0 and the original equation can be written as
k p u r  u ,Ž . Ž .
in 0, . 4.4Ž . Ž .½ u r  0,Ž .
Moreover it is convenient to convert the problem into a system:
 u  u ,1 2
u  u ,2 3	 in 0, . 4.5Ž . Ž .

k p
1 u  u , u  u  u 0Ž . k k1 k1 1
We consider two situations: k odd and k even.
Case 1. k even. Under the transform
n2w s  su r , where s r , 4.6Ž . Ž . Ž .i i
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Ž .Eq. 4.5 becomes
2 1Žn4.Žn2.w  n 2 s w ,Ž .1 2
2 1Žn4.Žn2.w  n 2 s w ,Ž .	 2 3 in 0, .Ž .

2 pŽn4.Žn2. p
w  n 2 s w , w  w  0Ž .k k1 k1 1
4.7Ž .
Since w  w  0, we have w  0, and it follows that only one of thek1 1 k
following three situations occurs:
w  0 and w  0 as s 0; 4.8Ž .k k
w  0 and w  0 as s 0; 4.9Ž .k k
or
w  0 as s s , for some s  0. 4.10Ž .k 0 0
Ž . Ž . Ž .It is clear that 4.9 is impossible since w 0  0. If 4.10 holds, we knowi
that
w  cs, for s s  s ,k 1 0
Ž .where c is positive, since w is strictly convex. Therefore from Eq. 4.7 wek
have
n 4 
n 2w  cs , s s .k1 1
Integrating twice, we get for some large enough s2
n
n2w  cs , s s .k1 2
Ž . Ž .By induction we know that w , w , . . . , w is a positive solution of 4.71 2 k
for s s. Notice that all assumptions are satisfied, so Theorem 2.2 leads˜
us to the fact that w is bounded near infinity, which is a contradiction.1
Ž .Thus only one possible situation 4.8 is left.
Ž . Ž . Similarly, from Eqs. 4.7 and 4.8 it follows that w  0; thereforek1
only one of the following three situations occurs:
w  0 and w  0 as s 0; 4.11Ž .k1 k1
w  0 and w  0 as s 0; 4.12Ž .k1 k1
or
w  0 as s s , for some s  0. 4.13Ž .k1 0 0
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Ž . Ž .In the same way it is clear that 4.12 is impossible since w 0  0. Wei
Ž . Ž .want to exclude the case 4.13 . In fact, if 4.13 is true, we have
w cs, for s s  s ,k1 1 0
 Ž .where c is positive, since w  0. Therefore from Eq. 4.5 we havek1
n
n2w cs , s s .k2 2
By induction we get a contradiction:
w s  0, for all large s.Ž .1
Repeating the above process, we find that
w  0, w  0, . . . , w  0;k k2 2 for s 0. 4.14Ž .w  0, w  0, . . . , w  0,k1 k3 1
Ž .Case 2. k odd. In this case under the transform 4.6 we can write
Ž .Eq. 4.5 as
2 1Žn4.Žn2. w  n 2 s w ,Ž .1 2
2 1Žn4.Žn2.w  n 2 s w ,Ž .	 2 3 in 0, .Ž .

2 pŽn4.Žn2. p
w  n 2 s w , w  w  0Ž .k k1 k1 1
4.15Ž .
Since w  w  0, we have w  0. An analogous procedure can bek1 1 k
performed as in the last half of Case 1 to derive
w  0, w  0, . . . , w  0;k k2 1 for s 0. 4.16Ž .w  0, w  0, . . . , w  0,k1 k3 2
Ž . Ž . Ž .Now, 4.14 and 4.16 imply 4.3 .
Ž .From now on, instead of 4.1 we consider the equation
k  p  u x u ,Ž .  4in B 0  0 , 4.17Ž . Ž .1½ u 0,
where 0 2k, p 1. Nonremovable singularity of the solution to
Ž .4.17 will bring about a non-poly-super-harmonic solution as shown in the
Ž Ž . Ž Ž .. Žfollowing example. Let p 1 2k   n 2 k 2 , 1 2k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. Ž Ž ... Ž . Ž .  n  2 k  1 and    2 k    p  1 . Denote A 
Ž .k Ž .Ž .Ž . Ž .Ž .1   n 2  2  n 4   2k 2  n 2k . It
Ž . 1Ž p1.  Ž .is not hard to see that A 0 and u x  A r is a solution of 4.17
  p 1Ž Ž ..with nonremovable singularity. On the other hand, x u  L B 0 but1
u is neither a poly-super-harmonic nor a poly-sub-harmonic function since
u A1Ž p1.  n 2 r 2  0,Ž .
k1 k1 u 1    2 k 2Ž . Ž . Ž .Ž .
  n 2 k 1 A1Ž p1.r 2Žk1.  0.Ž .Ž .
Ž .However, for some larger p, we shall prove that any solution of 4.17 must
be poly-super-harmonic.
2 kŽ Ž .  4. Ž .LEMMA 4.2. Let u C B 0  0 be a solution of 4.17 . If there1
Ž .exists s  0, 1 such that0

 k1 p x u dx  u d 0,Ž .H H

Ž . Ž .B 0 
B 0s s0 0
then there are positie constants C and s independent of s such that˜
2 knu s  Cs in 0, s . 4.18Ž . Ž . Ž .˜
Ž . Ž .Moreoer, if p n   n 2k ,
  p nŽn2 k . pM s  x u dx Cs , for s 0, s . 4.19Ž . Ž . Ž .˜H
1 Ž . Ž .B 0 B 0s2
Ž .In fact, M s tends to infinity faster than any polynomial, namely, for each
positie N, there exist positie constants C and s such that˜
M s  CsN in 0, s . 4.20Ž . Ž . Ž .˜
Proof. Without loss of generality, we set s  12. By the assumption0
Ž .4.18 , there exists another 12 s  0, such that0

 k1
M s   u d 0. 4.21Ž . Ž . Ž .H0 
Ž .
B 012
By the divergence theorem, for 0 s 12, we have

 
k1 k1  p  u d  u d x u dx .Ž . Ž .H H H
1
 
Ž . Ž . Ž . Ž .
B 0 
B 0 B 0 B 0ss 12 2
4.22Ž .
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Ž . Ž .Hence for s 0, s , by 3.180
d 1 
 k1 k1 1n u s   u d s . 4.23Ž . Ž . Ž . Ž .Hds 
B 0 
 Ž . Ž .
B 0s ns
Ž .Integrating over s, s , we can infer that there exists positive s  s such0 1 0
that
k1 2n  u s  s , s 0, s . 4.24Ž . Ž . Ž . Ž .12nn
We assert that there exists 0 s  s such thatj j1
k j 2 jn u s  C s , s 0, s , j 1, . . . , k . 4.25Ž . Ž .Ž .j j
Ž .Indeed, we can assume that 4.25 holds and without loss of generality, we
may write
d d
n1 kj1 2 j1s  u s  C s . 4.26Ž . Ž .jds ds
n1 kj1Ž Ž ..Notice that s  u s  is increasing; we can discuss two cases as
follows.
First of all, we consider
d
n1 kj1lim s  u s  0. 4.27Ž . Ž .
dss0
Ž . Ž .Integrating 4.26 over 0, s with s s yieldsj
d Cjkj1 2 j1n u s  s , s 0, s .Ž . Ž .jds 2 j
Ž .Integrating again over s, s we getj
Cjkj1 kj1 2 j2n 2 j2n u s   u s  s  s ,Ž . Ž .j j2 j n 2 j 2Ž .
s 0, s .Ž .j
Hence we can choose positive s  s and arrive atj1 j
k j1 2 j2n u s  C s , s 0, s . 4.28Ž . Ž .Ž .j1 j
Ž . Ž . Ž  .  Ž Next, contrary to 4.27 , we can integrate 4.26 on s, s , where s  0, sj j j
kjiŽ Ž .. Ž .such that  u s  0 on 0, s yieldsj
d d Cj n1  2 jkj1 n1 kj1 2 js  u s  s  u s  s  s ;Ž . Ž .j j jds ds 2 j
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thus there is positive s s such thatj j
d Cj 2 j kj1 1n  u s  s s , s 0, s .Ž . Ž .j jds 4 j
Ž  . Integrating on s, s we can deduce that there is positive s  s suchj j1 j
that
k j1 2n 2 j2n u s  C s  C s , s 0, s . 4.29Ž . Ž .Ž .j1 j1 j1
Ž . Ž . Ž .Now 4.28 and 4.29 imply that 4.25 holds for j 1.
Ž .Let j k in 4.25 . We have
2 knu s  Cs for s 0, s ,Ž . Ž .k
Ž .which is just 4.18 . Applying the inequality we can obtain
  pM s  x u dxŽ . H
Ž . Ž .B 0 B 012 s
12 n1 p  r u r drŽ .Hn
s
sk n1Ž2 kn. p nŽ2 kn. p C r dr Cs , for s s .H k
s
Ž . nŽn2 k . p Ž .At last, we can substitute M s 2 Cs for  in 4.23 .
Ž .Analogous steps as above can be applied to deduce 4.25 with new power
Ž .2 j  n 2k p except that we have to remark that if the exponent
Ž . Ž .on the right hand side of 4.26 is less than 1, i.e., n  n 2k p
Ž .2 j 0, then 4.27 never occurs. Finally, the above last inequality becomes
M s  CsnŽn2 k . p2 k  p .Ž .
Ž .Inequality 4.20 can be derived from finite times iteration; we omit the
detail.
k jŽ . Ž .Remark. In 4.25 the sign of  u s cannot be controlled in advance
Ž .except j 1 and j k 1, which indicates that polyharmonic k 2 is
Ž .different from the case of biharmonic. However, if M s tends to infinity
fast enough, the above situation will change as shown in the following
theorem.
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Ž . ŽTHEOREM 4.3. Let u be a positie solution of 4.17 with p n
. Ž .  n 2k . Then we hae
  p 1x u  L B 0 . 4.30Ž . Ž .Ž .l oc 1
Ž .Proof. If this is not the case, we know M s   as s 0. Moreover,
Ž . Ž .by p n   n 2k and the previous lemma we know that for
Ž . NN 2k 1, there are positive constants C and s such that M s  Cs˜
Ž . Ž . Ž .for s in 0, s . On the other hand, with M s 2 we can rewrite 4.23˜
as
d M sŽ .k1 1n 1nN u s  s  Cs .Ž . Ž .
ds 4nn
Ž . Ž .Integrating over 0, s we have for a new but positive s˜ ˜
d d2 k2n1 1N1 s  u s  Cs for s 0, s .Ž . Ž . Ž . Ž .˜
ds ds
Ž .Integrating over s, s we get˜
d d2 k2 k2n1 n11 s  u s  s  u sŽ . Ž . Ž . Ž . Ž .˜ ˜
ds ds
 2N 2N  C s  s for s 0, s .Ž .˜ ˜
Thus we can get some positive s  s, such that˜ ˜1
d2 k2 3Nn 1  u s  Cs , for s 0, s ,Ž . Ž . Ž . Ž .1˜ds
which implies that
2 k2 4Nn1  u s  Cs , s 0, s , 4.31Ž . Ž . Ž . Ž .Ž .2˜
for some positive s  s .˜ ˜2 1
By induction, we have
j kj 2 jNn1  u s  Cs , s 0, s . 4.32Ž . Ž . Ž . Ž .˜Ž .2 j
In particular,
k 2 kNn1 u s  Cs , s 0, s . 4.33Ž . Ž . Ž .Ž .2˜ k
Ž .If k is odd, we get a contradiction. In the case of k being even, by 4.32 ,
k1Ž . Ž .we know that u, u, . . . ,  u is positive in 0, s ; thus it is also a2˜ k
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positive solution of the equations
u  u ,1 2
	 in 0, s . 4.34Ž .Ž .2˜ ku  u ,k1 k
 p
u  r u , u  u  u 0,k k1 k1 1
Ž .Notice that H2 is satisfied with p  p    p  1, p  p,  1 2 k1 k 1
Ž . Ž .      0, and    . So p 1 2k   n 2 and2 k1 k
Ž .Corollary 3.6 can be applied to deduce that u is bounded in 0, s ; but˜1
Ž . Ž . Ž .from 4.33 it follows that u s  u s   as r 0 , and we arrive at a1
contradiction.
Now we are in position to show the main result in this section.
Ž . Ž . Ž .THEOREM 4.4. If u is a solution of 4.17 with p n   n 2k ,
Ž . j Ž .  4then  u 0 in B 0  0 for j 1, 2, . . . , k 1.1
Ž Ž ..Proof. Let  C B 0 be a nonnegative function. What we want0 12
to show is that
j kj   u dx 0 for j 1, 2, . . . , k 1. 4.35Ž . Ž . Ž .H
Ž .B 012
Ž Ž .. Ž .In fact, we can take   C B 0 satisfying 0   1 and  x  1 0 12  
  Ž .  for x  2 and  x  0 for x   . Moreover, we can assume that
C
jD  x  , for j 1, 2, . . . , 2k .Ž . j
Ž . Ž . Ž .Now multiplying the equation by  x  x and integrating over B 0 , 12
we get
j kj p 0  x u dx    u dxŽ . Ž . Ž .H H 
Ž . Ž .B 0 B 012 12
j kj      u dx , 4.36Ž . Ž . Ž .H 
Ž .B 012
Ž . Ž . jŽ . Ž . j Ž . Ž .where  x       . Notice that  x  0 on B 0  12
Ž Ž . Ž .. B 0  B 0 and it is clear that2 
 k j  2 k  C .
ELLIPTIC SYSTEMS AND POLYHARMONIC EQUATIONS 409
Ž .Let’s estimate the term including  in 4.36 by using the Holder inequal-¨
ity and the conclusion of the previous theorem
k j
  u dxŽ .H
Ž .B 012
k j u   dxŽ .H
Ž . Ž .B 0 B 02 
 C2 k u dxH
Ž . Ž .B 0 B 02 
1p1
 pp 2 k pp 1    C x dx x u dxH Hž / ž /Ž . Ž . Ž .B 0 B 0 B 02  12
1
p
2 kŽ p1.n  p p  C x u dxHž /Ž .B 012
 C n2 kŽn . p 0, as  0.
Therefore we have
k j j j kj u   dx lim     u dxŽ . Ž . Ž . Ž .H H 
0Ž . Ž .B 0 B 012 12
  p  x u dx 0.H
Ž .B 012
We get the desired conclusion.
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